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Abstract 

We continue to study birational geometry of Fano fibrations 
7r:V ^ the fibers of which are Fano double hypersur- 
faces of index 1. For a majority of families of this type, 
which do not satisfy the condition of sufficient twistedness 
over the base, we prove birational rigidity (in particular, it 
means that there are no other structures of a fibration into 
rationally connected varieties) and compute their groups of 
birational self-maps. We considerably improve the principal 
components of the method of maximal singularities, in the 
first place, the technique of counting multiplicities for the 
fibrations V/F^ into Fano varieties over the line. 
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Introduction 



The present paper is a direct follow up of the paper [16]. We study birational geom- 
etry of higher-dimensional algebraic varieties with a pencil of Fano double covers, 
now without the assumption that the standard condition of sufficient twistedness 
over the base, that is, the 7^^-condition [7,10], holds. As we pointed out in [10], if 
the deviation from the fT^-condition is not too big, the techniques of the method of 
maximal singularities still works and makes it possible to prove birational rigidity. 
This is the subject of the present paper: we consider Fano fibrations V/¥^ which do 
not satisfy the K^-condition, but which, however, present a not too strong deviation 
from this condition. 

If the deviation from the fC^-condition oversteps a certain boundary, then the 
variety V is no longer birationally rigid. The non-rigid and "boundary" families of 
fibrations V/F^ will be considered in the next paper, the third part of this research 
project. For that purpose we will use the improved technique developed here. 

0.1 i^^-condition and i^-condition 

In this paper, as in the previous paper [16], we deal with Fano fibrations tt: F ^ P^, 
satisfying the conditions 

AW = Pic V = ZKv © ZF, = ZK^ © ZHf, 

where F is the class of the projection tt. Hp = {—Ky ■ F) is the hyperplane section 
of the fiber. Set A^V ^ A^V AlV = A^V M. Let 

AlVcAiV, Al^^VcAiV, AlV c AlV 

be the closed cones, generated respectively by effective divisors, movable divisors 
and effective cycles of codimension two. Geometry of the fibration V/F^ is to a 
considerable extent determined by the position of the class Ky with respect to the 
cone A^V, and also by the position of the anticanonical class {—Ky) with respect 
to the cone Al^^^V. Obviously, A^V = RK^ © RHp, so that A^V* = Rf3 ® Mx, 
where /3: A'^V ^ M is defined by the condition (3{Hf) = I, l3{Ky) = and similarly 
x{Kl) = l,xiHp)=0. 

It is well known (and easy to prove, see [7,10]) that the X^-condition 

K^ ^ Int AlV 

implies the X-condition: 

-Ky^ Int Al^^V 
(There is a natural self-intersection map 

sq: Al^^V ^ A^V, 

sq: z I— > z'^, 
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and it is easy to check that sq(Int Al^^^V) C Int A^V, see Remark 1.1 in §1 below.) 
The present paper deals with Fano fibrations V/F^, each fiber of which is a regular 
Fano double hypersurface of index 1, Ft = 7r~^(t), Ft G J-"^"^^, see [16], whereas 
the i^'^-condition does not hold, that is, Ky G Int A^V. The deviation from the 
i^'^-condition is measured by the number a > 0, satisfying the formula 

- aHp G dAlV. 

In this paper we consider mainly the fibrations V/F^, satisfying the i^-condition. 
The iiT-condition is also not absolutely necessary for birational rigidity: if the devi- 
ation from the /^-condition is not too big, the techniques of the method of maximal 
singularities still work and make it possible to complete the study. The families that 
do not satisfy the i^'-condition and also certain other families which we do not con- 
sider here and which were not considered in [16] will be studied in the next paper, 
the third part of this research. 

0.2 The list of varieties under consideration 

Recall the construction of varieties with a pencil of Fano double hypersurfaces, see 
[9,16] for details. Let S = 0Cpi (aj) be a locally free sheaf of rank M + 2, where 
ao = < ai < ... < um+i, X = F{£), FicX = ZLx^ZR, where Lx is the 
class of the tautological sheaf, R is the class of a fiber of the natural projection 
TTx'-X — > P^. Now the variety V is realized as the double cover a:V Q of the 
smooth hypersurface Q (Z X, 

Q ~ mix + aqR, aq G Z+, 

branched over a smooth divisor Wq = W (1 Q, where W G X, 

W ~ 2lLx + 2awR, aw e Z+. 

By the symbol n-.V ^ F^ we denote the natural projection, by the symbol Ft the 
fiber 7r~^(t), sometimes omitting t. It is easy to see that 

Ky = —Ly + {ax + aQ + aw — 2)-F, 

where Ly = a*{Lx\Q), ax = ai + . . . + ciaz+i- Since the linear system \Lx\ (and 
therefore \Ly\) is free, the /^^-condition follows from the inequality 

{Kl. ■ L^''^) = 2m(4 -ax- 2aQ - 2aw) + 2aQ < 0. (1) 

In this paper we consider families that do not satisfy Let us give their list. The 
parameters of these families are written in the following format 

((ai, . . . , cm+i), (oq, aw))-, 

and for brevity of notations in the set (ai, . . . ,aM+i) we write only the non-zero 
entries, if there are any, otherwise we write (0): thus, for example, (1) means the set 
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(0, . . . , 0, 1), (1, 1) means the set (0, . . . , 0, 1, 1), and (0) stands for the set (0, . . . , 0), 
consisting entirely of zeros. Here is the hst of varieties studied in this paper: 

1. ((0),(2,0)) 

2. ((0),(1,1)) 

3. ((1),(0,1)) 

4. ((2), (1,0)) 

5. ((2), (0,0)) 
8. ((3), (0,0)) 

7. ((1,2), (0,0)) 

8. ((1,1,1), (0,0)) 

Once again we emphasize that the eight famihes listed above do not complete the hst 
of varieties that do not satisfy the K'^ condition. There are seven more famihes not 
satisfying the i^-condition, most of which are not birationally rigid, having many 
structures of a rationally connected fibration. These families are not considered in 
this paper. 

0.3 Varieties with a pencil of double spaces 

Birational rigidity of varieties V", fibcrcd into double spaces of index one, was proved 
in the very first paper of the author, devoted to Fano fibrations, in [7], in the 
assumption of sufficient twistedness over the base, that is, the X^-condition. In 
this paper we also consider the varieties of this type, satisfying the /^-condition 
but not the J^^-condition. Recall their construction, which is a simplification of 
the construction for double hypersurfaces given above (corresponding to the value 
m = 1). Let £^ = Opi(ai) be a locally free sheaf of rank M + 1, Oq = < . . . < gm, 
X — ¥{S) its projective bundle, then V is realized as the double cover a:V ^ X, 
branched over a smooth hypersurface W C X, 

W - 2MLx + 2awR, 

where Lx is the class of the tautological sheaf, R is the class of a fiber of the 
projection nx- X ^ F^. Obviously, 

Kv = -Lv + {ax + aw- 2)F, 

where Ly — o'*Lx, F — a*R is the class of a fiber, 

Picy = ZLv0ZF, 

ax = ai + . . .+aM, aw G The parameters of a family are written in the following 
format: 

((ai, . . . , Cm), aw), 
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where as above if {ai, . . . ,aM) 7^ (0, ...,0), then the zeros are omitted, and if 
(ai, . . . , qm) = (0, . . . , 0), then we write simply (0). A variety V satisfies the K^- 
condition, if the following inequality holds: 

. = g_2ax- 4aw < 0. (2) 

In the present paper we consider the families that do not satisfy (j2I)- Here is their 
list: 



1*. 




2*. 


((2),0) 


3*. 


((3),0) 


4*. 


((1,2),0) 


5*. 


((1,1,1), 



0) 



For all the types listed above the i^-condition is satisfied (it will be proved below). 
There are four families more, for which both the i^^-condition and i^-condition are 
not satisfied. Their birational geometry will be studied in the next paper. 



0.4 Formulation of the main result 

For a divisor D on a rationally connected variety Y we set 

c{D, Y) = sup{e eQ+\D + eKy G A^Y}. 

For a movable linear system S on a uniruled variety V define the virtual threshold 
of canonical adjunction by the formula 

c„,t(S) = inf {c(S«,l^«)}, 

where the infimum is taken over all birational morphisms — > V, where is a 
projective model of the field C{V), non-singular in codimension 1, is the strict 
transform of the system S on VK The following definition of birational rigidity is 
equivalent to the standard one. 

Definition 0.1. (i) A variety V is said to be birationally superrigid, if for any 
movable linear system on V the following equality holds: 

Cvirt(S) = C(S, V). 

(ii) A variety V (respectively, a Fano fibration V/ S) is said to be birationally rigid, 
if for any movable linear system S on there exists a birational self-map x ^ Bh V 
(respectively, a fiber-wise self-map x ^ Bir(V^/S')), satisfying the following equality: 

Cvirt(S) = c(x*S,\/). 

Let us formulate the main result of the paper. 

Theorem 1. (i) Regular varieties V with a pencil of double hypersurfaces of the 
types 2 — 8 in the list above and all varieties of the types 1* — 5* with a pencil of double 
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spaces are birationally superrigid and satisfy the K- condition: —Ky A^^^^V . The 
defined structure of a rationally connected fibration V/F^ is the unique non-trivial 
structure of a rationally connected filtration on V . The groups of birational and 
biregular self-maps of these varieties coincide: 

BirV = AutV = Z/2Z 

(ii) The regular varieties V of the type 1 (that is, the varieties of the family 
((0),(2,0))j are birationally rigid. They have a non-trivial birational self-map, an 
involution r e Bir V \ Aut V , and do not satisfy the K -condition. On V there are 
exactly two non-trivial structures of a rationally connected fibration: the pencil \F\ 
of fibers of the morphism tt and its image |t*F|. The group BirV consists of four 
elements: 

BirV =< r > X AntV = (Z/2Z)^l 

Corollary 0.1. All varieties of the types 1 — 8 and 1* — 5* do not admit a 
structure of a rationally connected fibration over a base of dimension 2 or higher, in 
particular, they cannot be fibered by a rational map into rational curves or rational 
surfaces. Therefore they all are non-rational. 

0.5 The structure of the paper 

To prove Theorem 1, it is necessary to improve the technique of the method of 
maximal singularities. Such an improvement is important by itself since it extends 
the domain where the method works: birational rigidity is proved for far from all 
the natural families of Fano fibrations over P^, even in the assumption of sufficient 
twistedness over the base. For this reason, a bigger part of the paper is of technical 
character. 

In §1 we carry out some preparatory work: we prove that the virtual and actual 
thresholds of canonical adjunction coincide provided that the /C^-condition holds 
and the fibers of the Fano fibration V /F^ satisfy the standard conditions (h), (v) 
and (vs) (see [16]). After that we make the first step in the direction of improving the 
technique: we show that replacing the condition (h) by a stronger one compensates 
replacing the X^-condition by a weaker one. 

In §2 we improve the technique of the method of maximal singularities on the 
basis of a radically different idea: to compare singularities of the horizontal cycle 

and of its restriction onto the fiber F, containing the centre of the maximal 
singularity. This idea is new. We use it to prove birational rigidity for the first time. 
Besides we give in full detail the technique of counting multiplicities: in all the 
previous papers [7-16] we computed the multiplicities of the cycle Z of intersection 
of two divisors of the linear system S, whereas here we intersect a divisor and 
an irreducible subvariety of codimension 2. The computations are parallel to the 
divisorial case, however there are some differences: for example, only the blow ups of 
subvarieties of codimension 3 and higher are taken into account whereas the blow ups 
of subvarieties of codimension 3 play the same part as the blow ups of subvarieties 
of codimension 2 in the divisorial case. 
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In §3 we prove Theorem 1. First we check the X-condition for varieties from the 
hsts above. After that the necessary estimates are verified for subvarieties Y d F 
of an arbitrary fiber F (this work was mostly carried out in the previous paper 
[16] and in [9]). The remaining part of the section contains an improvement of one 
estimate for multiphcities of subvarieties of codimension two. In order to do that, 
one needs to get an estimate for the number of lines (counted with multiplicities) 
through an arbitrary point of a fiber. Combining this improved estimate with the 
general theory developed in the first two sections, one could prove the coincidence 
of the virtual and actual thresholds of canonical adjunction for varieties deviating 
from the X^-condition even stronger than those considered in this paper. These 
limit resources of the techniques of the method of maximal singularities will be used 
later. 

0.6 Historical remarks 

As soon as in [7] an effectively working technique of investigating birational geometry 
of Fano fibrations V/¥^ satisfying the fT^-condition was developed, the "boundary" 
cases for which the deviation from the i^^-condition was not too high, came up as a 
natural object of further research. Already in [10] it was mentioned that for the par- 
ticular varieties which have already been studied the X^-condition was unnecessarily 
strong: the inequalities ensuring birational rigidity have a considerable amount "in 
store". Thus weakening this condition a little bit should not change the final result. 
The papers of M.M.Grinenko [3-5] and I.V.Sobolev [19,20] confirmed this idea. In 
[4] it was conjectured that the i^-condition (which is weaker than the i^T^-condition) 
is already sufficient for birational rigidity. This conjecture has recently attracted 
new attention [1] in connection with the attempts to study birational geometry of 
three-fold conic bundles (over P^) which do not satisfy the Sarkisov condition [17,18] 
(this condition is an exact analog of the i^'^-condition for conic bundles). However, 
in the papers [19,20] certain varieties were successfully studied for which even the 
X-condition was not true (although the deviation from this condition was not too 
strong, either). And the technique used in [19,20] was considerably weaker than 
that available today (see §2 of the present paper). This is an evidence that we do 
not understand which mechanisms control birational rigidity (perhaps one should 
speak of the "degree of birational rigidity"). On the other hand one can be opti- 
mistic concerning the prospects of studying birational geometry of Fano fibrations 
by means of the method of maximal singularities. 
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1 The method of maximal singularities 



In this section we remind the main facts of the method of maximal singularities: 
the Noether-Fano inequality, the concepts of a maximal and a supermaximal singu- 
larities, the technique of computing the self-intersection of a movable linear system 
[8,13,15]. We prove Theorem 2 of the previous paper [16]. After that, we modify 
the technique for the case when the i^'^-condition does not hold. 

1.1 Maximal singularities of linear systems 

Let S C I — nKy + IF\^ I G Z+, be a movable linear system on the variety V . Since 
/ > 0, we get 

c(S) = n 

whereas n = if and only if the linear system S comes from the pencil that is, 
if it is pulled back from the base P^. 

Remark 1.1. If the fibration V/¥^ satisfies the i^T^-condition, that is, 

Kl^lniAlV, 

then for any movable system S C | — nKy + IF\ we have / > 0. Indeed, the 
self-intersection of the linear system S 

{-nKv + IFf = n^Kl + 2nlHF 

is the class of an effective cycle of codimension two. By the i^'^-condition this implies 
that / e Z+. 

Assume that the inequahty 

c^irt(S) < c(S) = n, 
holds, that is, there is a model of the variety V such that 

c(S«,\/») < c(S,\/). 

Proposition 1.1. There is a prime divisor E C V^, satisfying the Noether-Fano 
inequality 

usi^) > n ■ a{V, E) (3) 

The geometric discrete valuation ue of the field of rational functions C(V^), or 
any prime divisor C on any model of the variety V, realizing this discrete 
valuation, is called a maximal singularity of the linear system E. 

For a proof of Proposition 1.1, see any of the papers [6-8,13,15]. 

Note that the expression a{V, E) in Q denotes the discrepancy of E with respect 
to the original model V . Thus the log-pair 
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is not canonical: the exceptional divisor E realizes its singularity which is not canon- 
ical. 

Since the linear system S is movable and > 0, we conclude that the 

centre of the discrete valuation ue on y is a subvariety B = centrev(i/E) C V of 
CO dimension at least two. Let 

U U (4) 

Ei — > -Bj_i 

be the sequence of blow ups with irreducible centres Bi^i C T^-i, which is deter- 
mined in a unique way by the following conditions: 

{l)Vo = V,Bo = B,t = l,...,K; 

(2) Bj = centrey^, (z/ij) C Vj, Ej+i = ip-l^ j{Bj); 

(3) the valuation coincides with ue- 
In other words, the birational map 

Vk 

is biregular at the generic point of the divisor and transforms E^ into E. The 
symbol T,^ below means the strict transform of the linear system E on V^- . Set 

Uj — mults^ j "E^"^, 5j — codimSj_i — 1. 

On the set of exceptional divisors 

{El, Ek} 

we define in the usual way [6,8,13] an oriented graph structure: an oriented edge 
(an arrow) goes from E^ to Ej, if and only if i > j and 

Bi-i C Ey\ 

which is denoted as i — > j. As usual, for i > j set 

Pij — tt{the paths from Ei to Ej} > 1, 

Pa = 1 by definition. Set Pi — pxi- The Noether-Fano inequality takes the tradi- 
tional form 

K K 



i=l 



1.2 A stronger version of the Noether-Fano inequahty 

Now assume that the general fiber E = Ft of the fiber space V/F^ admits no movable 
linear system with a maximal singularity, that is, for any movable system C 
{nHpl = I — nKpl and any geometric discrete valuation i>e* the inequality 

i'e*{Ef) < na{E*) 
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holds. 

Proposition 1.2. The centre B of the maximal singularity ve on V is contained 
in some fiber vr^^(t) = Ft, t & P^. 

Proof. Assume the converse: 7r(i?) = P^. Let F G V he a fiber of general 
position. It is easy to see that the restriction J^p = Ti\f of the linear system S onto 
F is a movable linear system Sj? C {nHpl with a maximal singularity ue* = i'e\f- 
The simplest way to define this singularity is to restrict the sequence of blow ups 
(jH) onto the fiber F and note that the discrepancy remains the same: 

a{E\F,F) = a{E,V) 

— precisely for the reason that B covers the base. The centre of the valuation 
ve\f is Be = B n F. However, this conclusion contradicts the assumption above. 
Therefore, 7^{B) ^ P^. Q.E.D. for the proposition. 

Let M. = {Ti,...,Tfc} be the set of all prime divisors on V'^, satisfying the 
Noether-Fano inequality (see Proposition 1.1). As we have just proved, the centre 
Be = centre(^'£;) of each maximal singularity E E Ai is contained in some fiber F^. 
The set Ai is finite (since the model V^" is fixed), so that there is at most finite set of 
points t G P^, the fibers Ft over which contain the centres of maximal singularities. 
Set Mt = {Ee M\Be C Ft}, 

e{E) = ue{^) -na{E,V) > 

for E eM. Recall that S C | - riKy + IF\, I G Z+. 
Proposition 1.3. The following inequality holds: 

> max — — — > / (5j 

Proof. Let D'^ G be a general divisor, that is, the strict transform on V'^ of 
a divisor G S of general position. By assumption, the linear system 

\D^ + nKyi\ 

is empty. Therefore the linear system 

\IF-Y.<^)^\ 

is empty, too. On the other hand, by construction for E G Ait the divisor 

Ft - VE{Ft)E 

is effective, so that the divisor 



y[( max A^\Ft - y e{E)E] 



is also effective. This immediately implies the inequality (0). Q.E.D. for the propo- 
sition. 
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1.3 The self-intersection of the Unear system E 

Let Di G S, i = 1,2, be general divisors, so that the closed set Di fl D2 is of 
CO dimension two. Let 

Z = {Dio D2) =Z'" + Z^' 

be the decomposition of the algebraic cycle of the scheme-theoretic intersection of 
these divisors into the vertical {Z^) and horizontal {Z^) parts. For the cycle Z^ we 
have a further decomposition 

Z^ = Y,Zl SuppZ^^cF,. 

Let E G M.t C be a maximal singularity. Fix t and E and apply the technique 
of counting multiplicities, developed in [8,10,13], to the cycle Z^ + Z'^. We assume 
that t and E are fixed throughout this subsection, so that we write below F, Z", e, 
B instead of Ft, Z^, e{E), Be = centre(i?), respectively. 
Lemma 1.1. The following estimate holds: 

codimj? B > 2 

Proof. Assume the converse: i? C -F is a prime divisor. Let D G S be a general 
divisor. Dp its restriction onto F. By the Noether-Fano inequality mult bD > n, so 
that 

Dp = aB + D\ 
where a > n and -D" is an effective divisor on F. However, 

Dp ~ uHp, 

which gives an immediate contradiction. Q.E.D. for the lemma. 

Now consider the sequence of blow ups (jH) associated with the discrete valuation 
E. We use the notations of Sec. 1.1. The strict transforms (Z^)^ , {Z^Y of the cycles 
Z^, Z^ on Vj are well defined. By the symbol F^ we denote the strict transform of 
the fiber F on Vj. Set 

N = max{z | C F'-^}. 

It is easy to see that ipi^i^i{Bi) = Bi_i for any i = 1, . . . , K — 1, so that the 
codimensions codimSj do not increase. Set 

L = max{i \ codimi?j_i > 3} < i^. 

We use also the following notations: for z G {1, . . . , L} 

= mn\tB,_,{Z^y-\ m'l = Ymx\tB,_,{Zy~\ 

where rr\'^^^ < m!^^} for z = 2, . . . , L. 
Set also 

/ij = multi3^_^ 
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Obviously, /ij = for i > The more so, = for i > N+1 (if N < L). Using 

the symbol pi, as above, for the number of paths in the graph F of the resolution 
(jH) from the vertex E = Ek to Ei, we get 

Proposition 1.4. The following inequality holds: 



K 

_ 

min{Af,L} K 



{n^^PiSi + e) 



1=1 i=l i=l 

i=l 



Proof is obtained by applying the technique of counting multiplicities [8,10,13] 
combined with the condition 



K K 



^PiUi = n^PiSi + e, 



i=l i=l 

where e > 0. Here we do not repeat these standard arguments, just referring to [10]. 
1.4 i^'^-condition and birational rigidity 

As a first example of using the technique described above let us prove Theorem 2 
of the previous paper [16]. The arguments below follow the lines of the proof of 
particular cases of this theorem, given in [7,10] for certain special families of Fano 
fiber spaces. Here we consider the general case. 

Assume that the fiber space V/F^ satisfies the i^^-condition: Ky ^ Int A^V. 
Then for some a G Z+ the following relation holds: 

so that 

deg Z'' = Y^ deg Z^ < {2n deg V)l. (7) 

Proposition 1.5. For some point t G P"*^ there is a maximal singularity E G Ait, 
satisfying the estimate 

Following [7,10], we call the singularity E, satisfying the inequality (jH)), a super- 
maximal singularity. 

Proof of Proposition 1.5: it is sufficient to compare the inequalities (0) and 
©. Q.E.D. 

Now in the notations of subsection 1.3 set 

L K min{N,L} 

S« = J^P*, S„= ^ Pi, S/ = ^ Pi. 

1=1 i=L+l i=2 
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Note that 

N 



^e{F) = ^Pifii < Pi Ail + fi2^f 



1=1 

by definition of tfie multiplicities /ij. Obviously, 

< nih = m'l = mults Z''. 

Set also 

4 = degZ^ d, = degZ^ 
and introduce the coefficients 

m de V "^""^^'^^ 

kh = -7^degV, K = — — — V Pirn". 

Now Proposition 1.5 implies 

Corollary 1.1. The following estimate holds: 

(4 - kh)^i{^i + + + + 2(2 - k,)^ine + 2(1 - A;,)S„ne < 0. 

Proof. In the inequality ^ replace by nih = khdh/ degV = khu'^, the 
numbers 6i for z < L by 2, which could only make the inequality sharper. Now 
taking into account the definition of the coefficient ky after easy computations we 

get 

(4 - kh)^i{Ei + + (nS„ + ef + AEien- 

~ " degV- (^' + ^») 

Taking into consideration the definition of a supermaximal singularity (Proposi- 
tion 1.5), replace (i„z/^(F) by 2nedegV^. This makes our inequality a strict one and 
we obtain exactly what we claimed. Q.E.D. for the corollary. 

Now assume that the fiber space V/F^ satisfies 

• the condition (v) of the paper [16], that is, for any irreducible vertical subva- 
riety Y of codimension 2, Y G 7r^^(t) = Ft, and any smooth point o G Ft the 
estimate 

multo^ < ^ 
deg ~ deg V 

holds; 

• the condition (vs) of the paper [16], that is, for any vertical subvariety Y (Z Ft 
of codimension 2 (with respect to V, that is, for a prime divisor on Ft), a 
singular point a G Ft and an infinitely near point x G Ft, where ip: Ft —>■ Ft is a. 
blow up of the point a, (p{x) = a, Y (Z Ft the strict transform of the subvariety 
Y on Ft, the following estimates hold: 

multo , , 4 multj; Y 2 
—Y < , — < 



deg deg V deg Y deg V 
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the condition (h) of the paper [16], that is, for any horizontal subvariety Y of 
codimension 2 and a point o &Y the estimate 

multo^ ^ 4 



deg deg V 
holds. 

In these assumptions we get 

Lemma 1.2. The following estimates hold: kh < 4, /c„ < 2. 

Proof. The first inequality follows directly from the definition of the number 
kh and the condition (h), which is by assumption satisfied for the fiber space V/F^. 
Let us prove the second inequality. We get 

mm{N,L} 

dv \ u _ i=i ^ Pini\ + ^firil 



1=1 



If dim i?>l or i? = oG-F is a non-singular point of the fiber, then /^i 
//jv = 1 and by the condition (v) 

1712 < ml < 2 



deg 



which immediately implies the inequality k^ < 2. If B — o & F is a singular point 
of the fiber, then /^i > 2 and by the condition (vs) 

4d 2d 
^1 < 1 77' ^2 < 



deg V ' deg V ' 

whence we get again that k^ < 2. Q.E.D. for the lemma. 
Recall the claim of Theorem 2 of the paper [16]: 

Assume that a smooth standard Fano fiber space V/F^ satisfies the -condition 
and the conditions (v), (vs) and (h). Then V/F^ is birationally superrigid. 

Let us complete the proof of this theorem. Assume the converse. Then Corollary 
1.1 and Lemma 1.2 give us the inequality 

S^n^ - 2E„ne + < 0. 

This is, however, impossible. We get a contradiction. Q.E.D. for Theorem 2 of the 
paper [16]. 
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1.5 The generalized i^^-condition 

The methods developed in [7,10] and reproduced above in the general form work well 
for Fano fiber spaces V/F^ which do not satisfy the /T^- condition. If the deviation 
from the X^-condition is not too great then the technique of Sec. 1.4 is still effective 
and requires only a slight modification. First of all, one should be able to measure 
the deviation from the i^^-condition. 

Definition 1.1. A standard Fano fiber space V/¥^ satisfies the generalized K'^- 
condition of depth £ > 0, if 

Kl. - eHp ^ Int AlV. 

As mentioned in [10], for cfi^cctive cycles of codimension 2 on the natural Fano va- 
rieties sharper estimates on the multiplicities are satisfied than one needs to prove bi- 
rational rigidity. However, for Fano fiber spaces that do not satisfy the i^^-condition 
these estimates turn out to be useful. 

Definition 1.2. A standard Fano fibration V/F^ satisfies the generalized condi- 
tion (h) of depth 5 > 0, if for any horizontal subvariety Y G V oi codimension two 
and an arbitrary point o eY the following inequality holds: 

multp y ^ 4 - (5 
deg ~ deg V 

Starting from this moment and throughout this section we assume that the fiber 
space V/F^ satisfies the generalized fT^-condition of depth e > and the generalized 
condition (h) of depth 6 > 0. Besides, we assume that the conditions (v) and (vs) are 
satisfied (in their normal form). Fix a movable linear system E C | —uKy + IF\ with 
I e Z+ and assume that Cvirt(5^) < n. For the horizontal part of the self-intersection 
of the hnear system E we get 

~ n^Kl. + aHp, 
where the coefficient a e Z satisfies the inequality 

a > —er?. 

Therefore, for the vertical component we get 

Z'" ~ (2nZ - a)llF, 

whence 

deg = XI - (2^^ + ^^^) 

Proposition 1.6. For some point t & F^ there exists a maximal singularity 
E e A4t 7^ 0; satisfying the estimate 

^ ^ 2 \ndegV J ^ ^ 
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Remark 1.2. For e = we get Proposition 1.5. 

Proof of Proposition 1.6. Compare the inequalities (0) and (fTUI) . Replacing 
the number / in the right-hand side of the inequality (fTUI) by the left-hand side of 
the inequality ©, we get 



deg Z'^ — 2n deg V max ^^^^ 



{E€Mt} iyE{Ft] 



< en^ deg V, 



which immediately implies our claim. Q.E.D. for Proposition 1.6. 

Remark 1.3. If there are a few maximal singularities the centres of which lie 
in the fibers over distinct points ti, . . . ,tk then the claim of Proposition 1.6 can be 
improved: there is a maximal singularity E G Ait, t G {ti, . . . ,tk} satisfying the 
estimate 

e(E) > '^^(-^^) (^ degZ- _ en 
2 \ndegV k 

However, this improvement is hardly useful, since to prove birational rigidity, that 
is, to realize the full scheme of the method of maximal singularities, the worst case 
should be considered. 

Now we argue as in the proof of Corollary 1.1 with the only difference: the 
expression dyUE^F) in the inequality Q is replaced by the expression 

(2ne + en^VE{F)) deg V, 

which makes the inequality sharp. Taking into account that the conditions (h), (v) 
and (vs) still hold, so that the claim of Lemma 1.2 is true, we get the inequality 

((4 - kh)T.i - KevE{F)){T.i + S^)^^ + (nE, - ef < 0. 

By the definition of the number we get 

min{Ar,L} ^ 

1=1 

Therefore, the following inequality holds: 

{A-kh- 2£)S/(Si + + {nLu - ef < 0. (12) 

Now recall that by the generalized condition (h) of depth 5 > the coefficient k^ 
satisfies the estimate 

kh<A-5. 

This immediately implies 

Proposition 1.7. If 6 > 2e, then the equality 

Cvirt(S) = c(S) = n 

holds. In particular, if for any movable linear system S C | — nKy + IF\ we have 
I G Z+, then the fiber space V/F^ is birationally superrigid. 
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2 The technique of counting multiphcities 

The aim of this section is to sharpen the inequahty (fT^ and the claim of Proposition 
1.7. For this purpose we take into consideration the dimensions of the blown up 
subvarieties -Bi-i: the smaller is the dimension of the centre of a blow up, the higher 
is the discrepancy of the exceptional divisor and, therefore, the better is the estimate 
for the multiplicity z/£;(S). On the other hand, the only working method of getting 
an upper bound for the singularities of the horizontal cycle is to restrict 
onto the fiber F and estimate the singularities of the effective cycle iZ^ o F) of 
codimension two on F . This method was used above; also in the papers [7,10,16] 
the singularities of the cycle Z^ were estimated in this way. However, up to this day 
we never took into account the input of the subvarieties -Bj_i of codimension three 
(with respect to 'V\ lying in the strict transform F^~^ of the fiber F (provided they 
exist). That is what we do below. As a result, we obtain estimates which make it 
possible to exclude a maximal singularity even in cases when the deviation from the 
i^'^-condition is essential: it is sufficient that the generalized i^'^-condition of depth 
2 holds. 



2.1 The notations and the principal claim 

We go on studying the movable linear system S C | — nKy + / G Z+, satisfying 
the inequality 

Cvirt(S) < c(S) = n. 

All notations of §1 are valid. However, if in subsections 1.4 and 1.5 we treated all 
blow ups of subvarieties of codimension three and higher in the same way, now we 
argue in a more refined way. Set 

Js = {i\^<i<^, codimi?i„i > 4}, 

= I 1 < < codimi?i„i = 3}, 
J„ = I L + 1 < i < ir}, Ji = JsUJ^. 
In its turn, let us break the set Jm into two disjoint subsets, Jm = JmU where 

Jm = Jrn \ Jm = ^ Jrn \ -Bj-i <^ F*^^}. It might Well tum out that the set or 
J~ (or the whole set Jm) is empty. Set furthermore 

whereas the symbol retains its previous meaning. In the notations of Sec. 1.4 
we get = + Em- Now the inequality (0) can be rewritten as 

E P.K> "^"-:\""/f (13) 

J , 'T ^m ~r 2^u 
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Recall that /li — multB._^ F*^^, where /li — 1 ior i > 2 and for /ii there are two 
possible cases: = 1 or /ii = 2. 

Proposition 2.1. The following estimate holds: 

J2 l^iPi'^i ^ Tocmlt b(Z'' oF) + (E, - pi) multB,(Z'^ o F)\ (14) 
In particular, 

f^iPirrii <^smu\tB{Z''oF). (15) 

2.2 Proof of Proposition 2.1: counting multiplicities 

To begin with, let us consider the following general situation. Let y C be an 
irreducible horizontal subvariety of codimension two, <Z Vi its strict transform, 

mrii) = inn\tB,_, Y''^ (16) 

the corresponding multiplicity. Set Yp = {Y o F). This is an effective class of 
codimension two in the fiber F. Let Yp C Vi be its strict transform and 

my,F(i) = multB,_,y^-\ (17) 

Since the support of the cycle Yp is contained in the fiber F, the numbers mY,F{i) 
vanish for i ^ J~. 

Lemma 2.1. The following estimate holds: 

^ PimY{i)l^i < ^PimY,F{i)- (18) 

Before we start to prove it, recall some facts which follow immediately from 
elementary intersection theory [21]. There arc no convenient references because 
here we consider the case when a divisor intersects a subvariety, whereas in [8,13] 
the case of two divisors was treated. Let X be an arbitrary smooth variety, B G X, 
B <f_ SingX, an irreducible subvariety of codimension > 2, aB'-X{B') — > X its blow 
up, E{B') — a^^{B) the exceptional divisor. Let 

Z = J2miZi, ZiCE{B), 

be a cycle of dimension k, k> dimS. We define the degree of the cycle Z, setting 

deg Z = 2^ rui deg (z, f| a^^(6)) , 

where 6 G -B is a point of general position, o'^^(&) = pcodimB-i ^^^q degree in the 
right-hand side is the usual degree in the projective space. 
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Note that degZj = if and only if asiZi) is a proper closed subset of the 
subvariety B. 

Now let D be a prime Weil divisor on X, Y G X an irreducible subvariety of 
dimension / < dimX — 1. Assume that Y (/i D and that dimi? < / — 1. The 
strict transforms of the divisor D and the subvariety Y on X{B) are denoted by the 
symbols and Y^ , respectively. 

Lemma 2.2. (i) Assume that dimB <l — 2. Then 

D^oY^ = {Do Y)^ + Z, 

where o means the operation of taking the algebraic cycle of the scheme-theoretic 
intersection, Supp Z C E{B) and 

um\tB{D o y) = mult b D ■ mult bY + deg Z. 

(ii) Assume that dim B = I — 1. Then 

D^oY^ ^ Z + Zi, 

where Supp Z C E{B), SuppcrB(Zi) does not contain B and 

DoY ^ [(multfi D) (multfi Y) + deg Z]B+ {(Jb)*Zi. 

Proof is easily obtained by means of the standard intersection theory [21]. 
2.3 Proof of Lemma 2.1 

Let us construct a sequence of effective cycles of codimension three on the varieties 
Vi, setting 

YoF = Zo {^Yf), 
Y'oF' = Z^ + Z,, 

Y'oF' = {Y'-^ o F'-y + Zi, 

i & Js, where SuppZj C Ei. Thus for any i e we get: 

Y'oF^^Y^ + Zl + ... + Z\_^ + Z,. 
For any j > i, j & Js set 

rriij = multB^_,(Z/"^) 

(the multiplicity of an irreducible subvariety along a smaller subvariety is understood 
in the usual sense; for an arbitrary cycle we extend the multiplicity by linearity). 
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Now set di — degZj. We get the following system of equalities: 

my(l)Aii + di = my,F(l), 

■mY{i)lJ>i + di^ mY,F{i) + mi^i + ■ ■ ■ + 



for all i & Jg. Setting 5' = max{i G J^}, look at the last equality in this sequence: 

mY{S)iis + ds^ mY,F{S) + mi,s + . . . + ms-i,s- 
If J+ 7^ 0, then, by the part (ii) of Lemma 2.2, we obtain 

ds>^ mY{i)Hideg{(pi^i^s)*Bi-i > ^ mY{i)Hi. 

Recall the following useful 

Definition 2.1. (see [8,13]). A function a:Js — > K+ is said to be compatible 
with the graph structure, if 

a{i) > a{j) 
jeJs 

for any i E Js- 

We will actually use only one function, compatible with the graph structure, 
namely a{i) = Pi- 

Proposition 2.2. Let a(-) be a function, compatible with the graph structure. 
Then the following inequality holds: 

a{i)mY,F{i) > ^ a{i)mY{i)lJii + a{S) ^ mY{i)lJ>i. (19) 

Proof is obtained in exactly the same way as in the case of two divisors ([8,13]) 
multiply the i-th equality by a{i) put them all together. In the right hand side for 
any i > 1 we obtain the expression 

j>i+i 

In the left hand side for any i > 1 we obtain the component a{i)di. 
Lemma 2.3. If rriij > 0, then j i. 

Proof [8,13]: if rriij > 0, then -Bj-i C SuppZ/"^, but SuppZj C Ei so that 
Bj-i C E^~^. Q.E.D. for the lemma. 

The next standard step is to compare the multiplicities rriij with the degrees. 
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Lemma 2.4. For any i < j E Js we get 

rriij < di. 

Proof. If niij = 0, then there is nothing to prove. Otherwise j ^ i and we need 
to prove that 

multB^„, < deg Zi. 

Taking into account that the maps ipa,b- Ba Bf, are surjective, it suffices to prove 
the inequahty 

multf^^_^n^-i_^(,),-i][Z, n ^ll,{t)r' < deg[Z, n ^iJ_M, (20) 

where t E Bi^i is a point of general position. Taking into account that '^~l_i{t) 
is the projective space pcodim_Bi_i-i^ the right hand side in ()2Up means 

the usual degree of a hypersurface in the projective space whereas the set [Zi fl 
V2i~/_i(i)]"'~^ is obtained from this hypersurface by means of a finite sequence of blow 
ups v^s,s-i, s = 2 + 1, . . . , j — 1, restricted onto v^j~/_i(t). Taking into consideration 
that the multiplicities do not increase when blowing ups are performed, we reduce 
the claim to the obvious case of a hypersurface in the projective space. Q.E.D. for 
the lemma. 

As a result, we obtain the following estimate 

^ a{j)mij = ^ a{j)mij < di^a{j) < a{i)di. 

By what was said above, we may remove from the right hand side all the components 
> 1 and from the left hand side all the components di,i > 1, replacing the 
equality sign = by the inequality sign <. Q.E.D. 

Setting in the inequality (fT9|l a{i) = pi and recalling that for j > S we have 
Pj ^ Ps, we complete the proof of Lemma 2.1. 

Now let us complete the proof of Proposition 2.L 

It is obvious that the inequality (fTH|) remains valid if Y is an effective horizontal 
cycle of codimension 2 on V, that is, each component of the cycle y is a horizontal 
subvariety. Besides, the formulae (fT^ . (fTTj) extend by linearity to the set of all 
effective horizontal cycles, and the left hand and the right hand sides of the inequality 
(fTS|) are linear in ■mY{-),mY,F{-), respectively. 

Now set Y = Z^ and take into account that 

mvA^) < mnlt B,{Z'' o F)^ 

for i >2. This implies the inequality (fT^ . The second inequality of Proposition 2.1 
follows from ()14|). Q.E.D. for the proposition. 

Remark 2.1. The inequality ()15p is more compact than ()14|) . however in some 
cases it is possible to get a stronger estimate for mult Bi{Z^ o F)^ than for mnltB{Z^o 

n 
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2.4 Estimating the multiplicities of a linear system: 
the non-singular case 

Now let us turn to the main problem, that is, estimating the singularities of the 
movable linear system S. Assume that the fiber space V^/P^ satisfies the conditions 
(v) and (vs), and at any point o & V satisfies at least one of the conditions (f) or 
(fs) formulated below: 

(f ) for any irreducible subvariety Y 3 o E F of codimension 2 (with respect to 
the fiber F) the following inequality holds: 

< (21) 
deg deg V 

(fs) o G -F is a double point of the fiber and for any irreducible subvariety Y G F 
of codimension 2 the following estimate holds: 

< (22) 
deg deg V 

and, besides, for any infinitely near point of the first order x G Ep, where ipo'- F —>■ F 
is the blow up of the point o & F, Ep C F the exceptional divisor, the inequality 

mult^ Y ^ 3 



deg Y deg V 

holds, where Y is the strict transform of the subvariety Y on F. 

Remark 2.2. Let us draw the reader's attention to the fact that in the condition 
(f ) we do not specify whether the point o G -F is singular or smooth. For the varieties 
of general position, considered in this paper, all smooth points satisfy the condition 
(f) whereas the singular points are of different behavior. This point is discussed 
below in §3. 

Assume first that B = centre(z/£;, V) (f_ SingF. In other words, either the fiber F 
is non-singular or B is not a singular point of this fiber. By the regularity condition, 
for any irreducible subvariety Y d F oi codimension two (with respect to F) the 
estimate (PT|) holds for a point o G -B of general position. For all the multiplicities 
we have /Xj = 1. The inequality ()21|) implies immediately the estimate 

^ Pimf<4n2S,. 

Since < < 4n^, we get the inequality 

^p.mf <4n2(S, + Sj. (23) 

This is the required estimate of singularities of the horizontal component . Con- 
sider the vertical component Z"" . By the condition (v) the inequality 

m\<m\< -^4. (24) 
deg V 
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holds. On the other hand, the generahzed i^'^-condition of depth e imphes the 
estimate 

_^<J^ + en\ (25) 
Combining and ((221), obtain the inequahty 



is JsUJ, 

k 

Taking into account that by definition pe^F) = 'YlVil^i ^ ^s + S^, we obtain finally 

1=1 

j9,m^ <4ne + 2£n2(S, + S+) (26) 

Now the inequalities (jH)), ()2Hj) and ()2fi|l lead to the following estimate: 

(4n2(S, + E„) + 4ne + 2£n2(S, + S+))(S, + S„ + S„) > 

> ((3S, + 2S™ + S^n + e)2. 

Setting in this inequality e = 2 and taking into account that = S+ + (this 
is the crucial point), after some easy arithmetic we get the inequality 

(n(S,-S„)+e)2<0. 

A contradiction. 

The equality of the thresholds of canonical adjunction 

Cvirt(S) = c(S) 

is proved for the non-singular case B Sing F. 

2.5 Estimating the multiplicities of a linear system: 
the singular case 

Now consider the case when 5 = o G -F is a singular point of the fiber. If the variety 
F satisfies the condition (f ) at the point o, then the arguments of the previous section 
work well without any modifications. If this is not the case, then deg^ = degF > 6 
(otherwise deg V < 4 and the condition (f ) holds automatically) and thus dim F > 4, 
dimy > 5. Therefore the discrepancy of the first exceptional divisor Ei is at least 
4 (we blow up a smooth point o E V). By assumption, the condition (fs) holds, 
whence we get the inequality 



<m^<3n 
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so that from the estimate ()14p we obtain 

^p,mf <3n2(pi + S, + Sj. 

On the other hand, as we have mentioned above, a{Ei, V) > 4, so that one can 
replace in the inequahty (0) the numerator by (pi + SS^ + 2Sm + Now arguing 
as in Sec. 2.4 we get the inequahty 

- S„) + ef + (S, - 3pi)(S, + S„ + 

+npi{npi + 2(3S^ + 2S„ + + 2e) < 0. 

Obviously, — Spi > — 2pi so that we again get a contradiction. 

The proof of the equality of the thresholds of canonical adjunction Cvirt(S) = c(S) 
is complete. 

Because of the importance of this result for further work let us formulate it as a 
separate claim. 

Theorem 2. Assume that the fiber space V/F^ satisfies the generalized Re- 
condition of depth 2, the conditions (v), (vs) and at least one of the conditions (f) 
or (fs) at every point a eV . Then for any movable linear system S C | — uKy + IF\ 
with I G Z+ its virtual and actual thresholds of canonical adjunction coincide: 

Cvirt(S) = c(S). 



3 Varieties with a pencil of Fano double covers 

In order to apply the technique developed above to the fiber spaces y/P^, the fibers 
of which are Fano double hypersurfaces, one needs to describe movable linear systems 
on these varieties and check the conditions on multiplicities of horizontal and vertical 
cycles for all the families under consideration: 1 — 8 and 1* — 5* of Sec. 0.2 and 0.3. 

3.1 Movable systems on the varieties of the type ((0),(2,0)) 

Let V/F^ be a variety from the family ((0),(2,0)). The construction of the variety 
V can be alternatively described in the following way. 
Let PVp C P be a hypersurface of degree 2/, 

(Ty: Y ^ P 

the double cover branched over the divisor Wf. Consider the variety F = P^ x Y, 
which is realized as the double cover ay: y X = P^ x P branched over the divisor 
W = ¥^ y. Wf. Set V = (Ty^{Q), where Q C X is a smooth divisor of the type 
(2, m). It is easy to see that in this way we obtain the same variety V as in Sec. 0.2. 
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By assumption, the divisor Q C x P is given by the equation 

A{x^)u^ + 2B{x^)uv + C{x^)v'^ = 0, 

where A{-) , B {■) , C {■) are homogeneous of degree m. Here {u : v) and (x*) = 
[xq: . . . : Xm+i) are homogeneous coordinates on P^ and P, respectively. 

Furthermore, let ifp be the class of a hyperplane in P, Lx = PxHw the tau- 
tological class on X, where px'-X ^ W \s the projection onto the second factor, 
Lv — GyLxW- It is easy to see that 

Kv — —Lv, 

so that the anticanonical linear system | — Kv\ is free and determines the projection 
Pv = Px ° <y"-V ^ ¥. 

Lemma 3.1. The projection pv factors through the double cover cry: Y — >• P. 
More precisely, there is a morphism p:V ^ Y such that 

Pv ^(7y° P- 

The degree of the morphism p at a general point is equal to 2. 

Proof. Consider a point x e P\l^p of general position. Set y~} — (Ty^{x) C 
Y. Set also 

= pi X {x} CX, = P^ X {y^} C Y. 

It is obvious that the inverse image ^^^(Lj;) is the disjoint union of the lines L+ and 
L~, whereas 

PY{L^)=y^, 

where py- F — >^ Y is the projection onto the second factor. The divisor Q intersects 
Lj. at two distinct (for a general point x) points qi,q2- Set 

a-\q^)^{ot,oi}cV, ofeL^. 

The morphism p is the restriction py\v- Obviously, 

where the sign + or — is the same in the right hand and left hand side. This proves 
the lemma. 

Let A C K be a subvariety of codimension 2, given by the system of equations 
A = B = C = 0. The subvariety A is swept out by the lines = P^ x {y} which 
are contracted by the morphism p. Set Ay = p(A). Obviously, 

p: \ A ^ Y \ Ay 

is a finite morphism of degree 2. Let r e BirV be the corresponding Galois involu- 
tion. It is easy to see that r commutes with the Galois involution a G Aut V of the 
double cover a:V Q, so that r and a generate a group of four elements. Since 
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the involution r is biregular outside the invariant closed subset A of codimension 2, 
that is, r G Aut(l^ \ A), the action of r on the Picard group PicV^ is well defined. 
Let E C I — nKy + IF\ be a movable linear system. 

Lemma 3.2. (i) The involution r transforms the pencil \F\ of fibers of the 
morphism tt into the pencil \mLv — F\. (ii) If I < 0, then the involution r transforms 
the linear system E into the linear system 

E+ C \n+Lv + l+F\, 

where = n + Im > 0, = —I > 0. 

Proof. Obviously, t*Lv — Ly. Let Ft = 7r~^(t) be a fiber. We get 

p-^(p(F,))=FiUT(F,). 

However, p{Ft) ~ tuHy = mayi/p by the construction of the variety V. Since 
P*Hy = Ly, we obtain the claim (i). Thus t*F — mLy — F. This directly imphes 
the second claim of the lemma. 

Remark 3.1. Varieties of the type ((0), (2, 0)) are similar by their properties to 
the Fano fiber spaces considered in [19]. 

3.2 Checking the iC-condition 

Let us prove that the variety V/F^ from any of the families 2 — 8 or 1* — 5* of Sec. 
0.2, 0.3 satisfies the A'-condition. Fix a movable linear system E C | — nKy + IF\. 
We must show that / e Z+. We will use the arguments of the following two types: 

(1) assume that there is a divisor E (Z V, swept out by a family of irreducible 
horizontal curves (C^, 5 e A) such that 

{-Ky ■ Cs) < 0. 

Since the linear system E is movable we get / > 0, which is what we need. 

(2) Assume that there is a horizontal prime divisor EonV satisfying the inequality 

{-Ky ■ E ■ L^-') < 0. 

For a general divisor D G E the cycle {D o E) is effective and thus 

{D-E- L^-^) > 0, 

whence, taking into account that {Hp ■ Ly^^) > 0, we get / > 0. 

Now let us consider varieties of the types 2 — 8 and 1* — 5* one after another. 

3.2.1 Varieties of the type ((0),(1,1)) 

Here X — ¥^ x F, Q C X is given by the equation An + Bv — where A, B are 
homogeneous polynomials of degree m on P. The pair of equations A = B = 
defines on Q the divisor A = x Ap, which is swept out by horizontal lines. 
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Ap C P is the subvariety {A ~ B — 0} of codimension two. For any line — 
(7~-^(P^ X {x}),x e Ap, we get 

{-Kv ■ L,) = {Lv ■ L,) = 0. 

Now the remark (1) shows that the X-condition holds. 

3.2.2 Varieties of the type ((1),(0,1)) 

Here 

£: = o?r+^)®0pi(i), 

and set E G X to be the divisor of common zeros of all sections s G Opi(l). 
Obviously, E = x F^'^ . Let Le = p%{Hr.\pM) be the tautological class on E, 
where pe'- E — >■ P*^ is the projection onto the second factor. We get 

—Kv\e — Lv\e — Le, 

£■ n Q ~ mLE, so that E n Q = x Qe, where Qe C. F^ is a hypersurface of 
degree m. Therefore, V contains the divisor a~^{E fl Q), which is swept out by the 
curves = a~^{F x {x}),x e Qe- The anticanonical class {—Kv) is trivial on 
these curves. According to the remark (1), the X-condition holds. 

3.2.3 Varieties of type ((2), (1,0)) 

Here -Ky ^ Ly - F, 

£: = o®(^+i)eOpi(2), 

set £^ C X to be the divisor of common zeros of sections s e (9pi(2). Now 

a-\Er)Q) e \Lv-2F\. 

It is easy to compute that 

{-Kv ■ {Lv - 2F) ■ L^-^) = 2n(l - m) < 0. 
According to the remark (2), the X-condition holds. 

3.2.4 Varieties of the type ((2), (0,0)) 

Here —Kv = Lv and we can apply the remark (1): the divisor (7~^{E (IQ) G V (in 
the notations of the previous case) is swept out by horizontal curves. The class Lv 
is trivial on these curves. 

3.2.5 Varieties of the type ((3), (0,0)) 

Here 

£: = o®(^+i)®Op,(3) 

and —Kv — Lv — F. Set £^ C X to be the divisor of common zeros of the sections 
s G (9pi(3). Now the divisor a~^{E r\Q) gV is swept out by horizontal curves, on 
which Lv is trivial. We apply the remark (1). 
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3.2.6 Varieties of the type ((1,2), (0,0)) 

Here —Ky = Ly — F and there is a prime divisor E (ZV, such that 

E ^ Ly - 2F. 

It is easy to check that 

({Ly - 2F) . {Ly - F) . = 0. 

By the remark (2), the i^-condition holds. 

3.2.7 Varieties of the type ((1,1,1), (0,0)) 

Here —Ky = Ly — F and moreover codimy Bs \Ly — F\ = 3. Thus for any pseudo- 
effective class D G Pic V we get the inequality 

{D ■ (Ly - FY ■ L^'-^) > 0. 

However, it is easy to compute that {{Ly — FY-Ly~^) = 0. Thus ii D = —nKy + lF 
is just a pseudo-effective class, then / G Z+. In particular, the i^-condition holds. 

The remaining five types of double spaces are considered in the same way (with 
simplifications). 

Q.E.D. for the i^-condition for varieties of types 2 — 8 and 1* — 5*. 

3.3 Proof of birational rigidity 

Now in order to prove Theorem 1, we have to check the equality 

Cvirt(S) = c(S) 

for any movable linear system S C | — nKy + IF\ with n > 1 and / G Z+. In its 
turn, by Theorem 2 it is sufficient to verify that varieties of the types 1 — 8 and 
1* — 5* satisfy the generalized i^^-condition of depth 2 and that a regular fiber space 
V/F^ satisfies the conditions (v), (vs) and (f) or (fs) at every point (the condition 
(h) follows directly from any of the two conditions (f) or (fs)). The conditions (v) 
and (vs) are checked in [16], the condition (f) for a regular smooth point of a fiber 
o G -F is checked in [9]. It remains to show that at a double point o the fiber F 
satisfies at least one of the two conditions (f) or (fs). 

If the singular point o E F lies outside the branch divisor of the morphism a, 
then the condition (f) is satisfied. This is easy to check by means of the standard 
method of hypertangent divisors. One should take into account that if o G -F does 
not lie on the branch divisor, then there are / additional hypertangent divisors, 
arising from the double cover. It is this fact that makes it possible to obtain the 
estimate (PT|) for any irreducible subvariety Y (Z F of codimension 2 (with respect 
to the fiber F). We do not give these arguments here because they are standard 
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and, in particular, parallel to another estimate which is proved below for smooth 
points (where 4 is replaced by 3). 

Therefore let us assume that the singular point o G -F lies on the branch divisor. 
Let F C F be an irreducible subvariety of codimension 2, T = a~^{TpG D G), 
p = cr(o), the tangent divisor. IfYg^iT, then considering the effective cycle {Y o T) 
of codimension 3 and applying the standard technique of hypertangent divisors to 
this cycle (that is, intersecting it with Di G Aj, i = 4, ... ,m — 1), we obtain the 
inequality (j2T| . Thus we may assume that Y G T. Applying the technique of 
hypertangent divisors (with Di G Aj for i = 3, . . . , m — 1) we obtain (j22I), the first 
of the two inequalities of the condition (fs). Let us prove the second one. 

Let ip:T ^ T he the blow up of the point o, E = f^^{o) C T the exceptional 
divisor. It is easy to see that the double coyer a presents E as the double cover of 
the quadric Eq branched over the divisor W fl Eq, that is, the section of Eq by a 
quadric hypersurface. The quadric Eq is the exceptional divisor of the blow up of 
the point p = cr(o) on the variety TpG H G, W denotes the strict transform of the 
restriction W\g- By assumption, F is a prime divisor on T. Therefore, Ye = {Y oE) 
is an effective divisor on the double quadric E, and degY^ = multol^. Let x E E 
be an arbitrary point. 

Set q = a{x) G Eg, R = o-^^iTqEc H Eq)- The divisor R C E is irreducible, 
degR = 4, multa;i? = 2. li Z G E is a. prime divisor, different from R, then the 
cycle {Z o R) of codimension 2 on E' is well defined, and moreover 



This proves the second inequality of the condition (fs). As for the generalized K"^- 
condition of depth 2, it follows from the inequality 



which is easy to check for varieties of types 1 — 8 and 1* — 5* of Sec. 0.2 and 0.3. 
Q.E.D. for Theorem 1. 

3.4 Multiplicities of subvarieties of codimension 2 

In the remaining part of this section we prove the following claim. 

Proposition 3.1. Let o E F be a smooth point of the fiber lying outside the 
branch divisor of the morphism a. Then for any irreducible subvariety Y G F 
of codimension two ( and thus for any effective cycle of pure codimension two ) the 
following estimate is true: 



deg Z = deg{Z o R) > mult^(Z oR)>2 mult^. Z. 



This implies that 



multj; Y < mnltx Ye < - deg Ye = - multo Y. 



{{KI.-2He)-LP-')<0, 



mult, 



o 



Y < 



3 3 



(27) 



deg 



deg V 2m 



30 



Remark 3.2. Proposition 3.1 outlines another approach to proving birational 
rigidity of the varieties under consideration, based on Proposition 1.7. If a smooth 
point o E F lies on the branch divisor of the morphism a, then there exists an 
irreducible subvariety C -F of codimension 2 for which the estimate of the 
condition (f) cannot be improved: the linear system \H ~ 2o\ is movable in this 
case and spanned by two divisors, a*(TpG fl G) and (T*(TpW fl G), where p = a{o). 
The intersection of these divisors gives a subvariety Y'^ with this property. It can 
be shown, however, that for any other subvariety of codimension two, Y ^ Y^ the 
inequality (jTfjl holds. As for the subvariety F+, it satisfies the estimate (jTfjl at 
all other points, including the infinitely near points of the first order lying over the 
point o. Now using the discrepancy arguments one can prove birational rigidity 
using only Proposition 1.7. However, a combination of these ideas with Theorem 2 
makes it possible to improve the technique even further. We will use this strategy 
in the subsequent papers. 

Proof of Proposition 3.1. Arguing in the same way as in [16], §2, we give two 
methods of obtaining the estimate ()27p. The first one is much more simple, however 
works only for sufficiently high dimensions M > Mq. The second method gives the 
estimate ()27|) for all dimensions, however it requires additional conditions of general 
position which one has to substantiate (Sec. 3.5). Whichever method is used, the 
first step is the same. 

Lemma 3.3. Assume that the inequality 

> A (28) 
deg 2m 

holds. Then cr{Y) C TpG, where p = cr(o). 

Proof. Assume the converse: (j{Y) ^ TpG. Then the intersection Y (IT, where 
T = a*iTpGnG) is the tangent section of the fiber F at the point o, is of codimension 
3 and therefore the effective cycle [Y o T) is well defined. For some component Y^ 
of this cycle the inequality 

> I (29) 

deg m 

holds. Now arguing in the usual way let us consider general divisors of the hyper- 
tangent linear systems 



where 

for m < 21 and 



A e A„ DJ e Aj, 

26 {4,...,m-l}, J G {/,... ,2/-2} 
zG {4,...,m-2}, J G {/,..., 2/- 1} 



for m > 2/ + 1. Taking into account the codimension of the base set of the system 
Aj, we see that the set 

Y,nif]D,)nif]Dl) 



31 



is one-dimensional in a neighborhood of the point o. From this we obtain in the 
standard way the estimate 

~d^^' - m{2l - 1) 

for m <2l and the estimate 

< (31) 

deg m — 1 

for m > 2/ + 1. In any case the estimates pup and ()3ip are incompatible with the 
inequality (j^^ . Q.E.D. for the lemma. 

Now let us prove Proposition 3.1. If the estimate ^I7\ does not hold, that is, if 
the estimate pH|l holds, then by what was proved above, cr(F) c TpG, that is, 

y c Ti = cT-^(G'nTpG). 

By the regularity conditions, Ti C F is an irreducible subvariety with the isolated 
double point o G Ti. Consider the closed set 

Ti2 = a-i((T(Ti)nTp(T(Ti)). 

By the regularity conditions, T12 C F is an irreducible subvariety of codimension 
two, and moreover multo T12 = 6, so that the equality 

multp ^ _ _3_ 
deg 2m 

holds, whence by the inequahty (^Hj) we get, that Y 7^ T12. As above, let 

A G Ai, D+ G A+ 

be general hypertangent divisors, where 

i G / = {2, 4, . . . , m - 1}, j G J ={/,..., 2/ - 2} 

(in / we omit the element 2 = 3) for m <2l and 

zG/{2,4,...,m-2}, j G J ={/,..., 2/ - 1} 

(in I we again omit i = 3) for m > 2/ + 1. By the regularity conditions the 
intersection 

>^n(f|A)n(f|D;) 

is one-dimensional in a neighborhood of the point o, whence we get the estimates 

multo ^ ^ 8/ 



deg - 3m(2/ - 1) 
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and 

multo^ < 4 

deg ~ 3(m — 1) 

for m < 21 and m > 2/ + 1, respectively. It is easy to check that these estimates 
prove Proposition 3.1 in all cases except for the following ones: 

m e {3,4,5,6,7,8,}, /g{3,4}. 

Now let us give a more refined way of arguing, which requires strong regularity 
conditions but works in all dimensions including low ones. This method is completely 
similar to the method by means of which the condition (vs) was proved in [16] for a 
double point of the fiber o G -F outside the branch divisor. For this reason here we 
just describe the main steps of the proof, emphasizing the changes which should be 
made in the arguments of the paper [16]. 

So let us assume that for an irreducible variety Y C F the inequality holds, 
which contradicts the required estimate (j27|) . By Lemma 3.3, Y G Ti. The point o 
is an isolated factorial singularity of the variety Ti. Moreover, PicTi = ZHt, where 

Ht = Hp\ti 

is the class of a hyperplane section. Let (px- T ^ Ti he the blow up of the point o, 
Et C T the exceptional divisor (it is irreducible), F C T the strict transform of the 
divisor Y . We get ^ 

Y ~ aHx — ^Et, 

where P/a > 3/2 by the estimate (j2H)). 

Lemma 3.4. The prime divisor T12 C Ti is swept out by a family of curves 
{Cs,S G A}, the general curve of which is irreducible and satisfies the estimate 

multo„ 2 
deg 3 

Assume that the lemma is proved and consider the strict transform C T of the 
general curve Cs,6 G A. Obviously, 

{Y ■ Cs) < 0, 

so that Cs C Y and thus T12 C Y. Consequently, Y = T12 which is impossible. 
Q.E.D. for Proposition 3.1. 

To prove Lemma 3.4, one needs the arguments which are absolutely similar to 
the arguments that were used in the proof of Lemma 2.2 in [16], so that we will not 
repeat them, just remind the main steps. For m > 4, / > 3 define the sequence of 
integers 

Ce = tl[4,e] nA^ + ti[3,e] n/:, eGZ+, 
where M. = {2, . . . ,m — 1}, C = {I, . . . ,21 — 1}, and construct the ordering function 

X:{l,...,m + /-4}^Z+, 
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setting x([ce-i + 1, Ce] fl Z+) = e. By the regularity condition, for a general set of 
hypertangent divisors 

D = {AeAj(i), i = l,...,m + Z-4}eA^ 

the closed algebraic set 

i 

i?i(D) = Pi n Tp 

is of codimension i in T12 lor i — 1, . . . , m + Z — 4. Thus we get an effective 1-cycle 
i?(D) = i?(D) = (Tp o o . . . o D^+;_4) = 5^ + 

where (C5, 5 e A) is a movable family of curves, sweeping out T12, $ is the fixed 
part of the family i?(D). It is easy to see that $ is exactly the 1-cycle of lines on F, 
passing through the point o e F, that is, deg $ = deg L(o) . Therefore, 

m! (2/)! _ 

deg ^ - 2m! {21 - 1)! _ 3 
3 ■ 

by Proposition 3.2 (which is proved below). In a similar way we argue when m = 3 
or Z = 2. Proof of Lemma 3.3 is complete. 

Let us emphasize that in contrast to the situation considered in [16], here the 
hardest point is to estimate the number of lines (taken with multiplicities), passing 
through the point o E F. In [16] the double points of the fibers are considered. 
There are but finitely many such points so that for a general Fano fiber space V/F^ 
all the lines passing through a singular point of a fiber are of multiplicity one, and 
this task becomes trivial. However, in out case e F is an arbitrary point of a fiber. 
As we will show just now, the multiplicity of a line passing through some specially 
chosen point o E F can be very high. But not high enough to prevent the method 
of proving Lemma 2.2 in [16] to work in our case. All the other differences between 
the proof of Proposition 3.1 of this paper and that of Proposition 2.3 in [16] are 
inessential. 

3.5 Estimating the number of lines 

For a point o eV\ a~^{W) outside the branch divisor we define the algebraic cycle 
of lines L(o) on V passing through o as the 0-cycle of the subscheme 

{qi = ... = q^ = gij^^ = . . . = = Q} 

on E = P(7;P) ^ P^. 
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Proposition 3.2. For a general (in the sense of Zariski topology) fiber space 
V/F^ for any smooth point o & V \ a~^{W) the following estimate holds: 

degL(o) < X^,i = —-^^—^ - 1 

Proof. We will describe the scheme of arguments and give with all details the 
main technical lemma which makes it possible to estimate the multiplicities of lines 
passing through an arbitrary point a & V. The very computations, which are, on 
one hand, elementary, and on the other hand, tedious, will not be given. 

Set 

m 21 
i=l j=l+l 

To simplify the notations, we write down a set of non-zero polynomials {q^, g^) e 7i 
as 

/ijj = {hi, . . . , hu+i) e Ti-, 
where interchanging the direct factors we assume that deg /ij+i > deg h^. Let 

be the space of all collections /ij such that the scheme of common zeros of the 
polynomials hi is zero-dimensional or empty. For /ij e H'^ let be the 0-cycle 

of common zeros of the system h^. Now we have the following fact. 
Proposition 3.3. The codimension of the closed set 

n^(j) = {hien^\degUhi)>j} 

for j = Xm^i + 1 is not less than M + 2. 

Proposition 3.2 follows from this fact automatically. Now wc explain how to 
prove Proposition 3.3. In fact, for j = \m,i + 1 a much sharper bound for the 
codimension codim7i"'"(j) can be obtained in this way than M -\-2 but we do not 
need that. 

First of all, note an obvious fact: for j = 0, 1, . . . , M -|- 2 the following estimate 
holds: 

codim{/i|j G 1-C^ \ \\ SuppL(/if) > j} = j. 

This implies, that we can assume that the support of the cycle IL(/i{j) consists of 
j < M + 1 distinct points (that is, at most M + 1 distinct hues pass through any 
point o e y in the fiber F 3 a). However, as the dimension M grow, the multiplicity 
of these points can be very high. Let us consider the following 

Example. Let p E S = {hi = . . . = Hm-g = 0} be a non-singular point, so that 
S 3 p is a germ of a smooth a-dimensional variety. When we require that 

mu\tp{hj\s = 0} > 2, (32) 
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j = M — a + l,...,M + l, we impose precisely a + 1 conditions on hj. Taking into 
account that the point p is arbitrary, we obtain 

a(a + 1) ~ 

conditions on the polynomials hj, M — a + 1 < j < M+1, and these conditions are 
independent. Thus for a ~ \/M there are points on V which satisfy the condition 
(jn21)- For those points we get 



degL(o) >2»~2^^. 
This example is a model one showing how the function 

maxdegL(o) 

grows for a general variety V/F^ a.s M —>■ oo. Note, however, that for small values 
of M we obtain the same estimate as for the number of distinct lines 

max jj Supp L(o). 

Now let us consider the problem of estimating the codimension of the closed set 
7i^{i). By what was said above, we may make the set Ti.^ smaller and assume that 

ttSuppL(/ij) < M + 1 

for any G . For each i = 1, . . . , M set 

Y, = {h, = ... = K = Q]= o {hj = 0} 

to be the algebraic cycle of the scheme-theoretic intersection of the hypersurfaces 
{hj = 0}, codimE^j = i. Set also 

Ym+1 = {hi = . . . = hM~i = hM+i = 0}. 
Fix the points oi, . . . , Ojt G E, k < M + 1 and for each integer- valued matrix 

M = ^^.^^^ G Matfcx(M+i)(Z+) 

^<j<M+l 

consider the set 

HiM) = {/ijl multo, Yj = fx,j} C n-^. 

(Naturally, it is sufficient to consider only those matrices which satisfy the non- 
decreasing condition 
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otherwise either 7i(M) is empty or the point Oi can be removed.) Obviously, 

k 

degL(/ij) < y^min(/Xj^M,At»,M+i)- 

i=l 

Now to prove Proposition 3.3 we must estimate the codimension 

codim^ HiM) 
for all matrices M, satisfying the inequality 

k 

J^min(//i,M, A«j,M+i) > A^,; + 1. 

i=l 

Below in Sec. 3.6 we give an inductive method of estimating the codimension 
codim7i(M) at each step of our procedure of making Fj+i from Fj. Now the proof 
of Proposition 3.3 is completed by tedious but absolutely elementary computations 
based on Lemma 3.5, which is proved below. We do not give these computations 
here. 

Q.E.D. for Propositions 3.3 and 3.2. 
3.6 A method of estimating the degree 

Let y C A = be an effective cycle of dimension a > 1, Oi, . . . , Oj^ e y a set of 
pair-wise distinct points. Set 

Hi = multo, Y, 

i = 1, . . . , k. Let Ve{zi, .... Z]\j) be the space of all (non-homogeneous) polynomials 
of degree not higher than e G Z+, in the variables zi, . . . , zn- Let ci, . . . , G Z+ be 
a set of positive integers such that 

ci + + Ck-i + (A; - 1) < e, {k - l)a < N 

{a k — 1, then no restrictions are imposed). Set 

tti = . . . = ttk-i = a, ak = min(a, N — {k — l)a), 

c* = Cj for i = 1, . . . , /c — 1, 

4 = niin(cfe, e - ci - . . . - Ck-i - (k - 1)). 

Let 

f/y = {/ G Pe(^*)| dim{/ = 0} n SuppF = a - 1} 

be an (open) set of polynomials that do not vanish identically on each component 
of the cycle Y. Set 

Uc, ^U{ci, . . . , Cfe) - {/ G Uy\ multo.{/|y = 0} > CiHi + 1}. 
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Obviously, the subset Uc^ C ?7y is a Zariski closed set. 
Lemma 3.5. The following estimate holds: 

codim t/,, > A(ci, ...,Ck) = J2('''\ ""H • (33) 

i=l V / 

Proof. Let Uc, C Ve{z^:) be the closure of the set f/c*- In order to prove the 
inequality it is sufficient to produce a closed subset Z C Pe(-2*), satisfying the 
inequality 

dimZ = A(ci, . . . ,Cfe), (34) 

and such that 

znu,, = {0}. 

Obviously, G Uc, , since Uc, is a cone with the vertex at zero. We ffist explain how- 
such a set can be constructed in the case when there is only one point a = Oi, k = 1, 
which we without loss of generality can assume to be the origin o = (0, . . . , 0) G A. 
To simplify our notations, we write 

ci = c*i = c < e, ai = a < N, fii = fi. 

Let A — s> A be the blow up of the point a, E = (p^^{o) C A the exceptional 
divisor E = P^^^. Consider an effective divisor D (Z A, a & D, which contains no 
component of the cycle Y, so that 

dim(Supp Y fl Supp D) = a — 1 

and the effective cycle 

YD = iYo D) 

of dimension a — 1 is well defined. Recall how the multiplicity of this cycle at the 
point is computed. Let Y ^ D d K he the strict transforms of the cycle Y and 
divisor respectively. Set 

YE = {YoE) = Y,hBi 

to be the projectivized tangent cone to Y at the point o G Supp Y . We get 

{DoY) = (d^) + ^ diBi 

for some nonnegative rf, G Now 

multo Yd = n multo D + di deg Bi. 

(It is a standard fact of the intersection theory, see [21].) It follows that ii Bi D 
for all i & I, then di = and thus the following equality holds: 

multo Yd = /i multo D. 

We say that a set of linear functions zi, . . . ,Za is correct with respect to the pair 
(o G F), if 
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• Bi(/L {zi) for all i e 7; 

• the projection 'n:[zi_,...,za)'- ~^ dominant on each irreducible component 
of the cycle Y] 

• the following infinitesimal condition is satisfied at the point o. Taking (zi: . . . : zn) 
for homogeneous coordinates on E, consider the affine set {zi ^ 0} with 
the coordinates {1/2, ■ ■ ■ jUn), where yj = Zi/zi. The collection of functions 
(1/2,..., i/a) determines a projection l:C^~^ — > C""^. Now our condition is 
formulated in the following way: the restriction 

ilB-.Binizi^o}^^-^ 

of the projection l onto each component Bi is a dominant map. 

It is easy to see that a general set {zi, . . . , Za) of linear functions is correct with 
respect to the pair (o e Y). By the definition of correctness for any non-zero 
polynomial / e Ve{zi, . . . , Za) in the variables Zi, . . . , Za we get 

B^ <t (7) 

and thus by what was said above multo < ^x deg /. Thus we can set 

Z = Vc{Zi, . . .,Za). 

For any non-zero polynomial f E Z the set {/ = 0} contains entirely none of the 
irreducible components of the cycle F, so that Z\{0} C Uy- Therefore ZDUc = {0}, 
as required. 

Now let us consider the general case of an arbitrary k >2. Here we have k points 
oi, ... ,0k e Suppy. Consider a system of affine functions 

^1,1) • • • ) ^1, ai ) 
^k,li ■ ■ ■ 1 ^k,aki 

ai = . . . = Gk-i = a, Gk = min(a, N — {k — l)a), satisfying the following conditions: 

• the linear parts of the affine functions Z*^* are linear independent, that is, form 
a part of a basis of the space C^; 

• for any i e {1, . . . , A; — 1} we have k^aioi) — and the system of functions 

ih,i, ■ ■ ■ ,k,a) is correct with respect to the pair (oj G Y); lk,a{ok) = and 
the system of functions {lk,i-i ■ ■ ■ , lk,ak) is a part of a correct set for the pair 
{ok e F); 

• for i 7^ j we have li,i{oj) ^ 0. 
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Now set 

k /i-l \ 

n?rpc:(^M,---,^.aj, (35) 
i=i \j=i / 

where 'Po(tl) denotes the hnear space of all polynomial functions of degree a in the 
affine functions jj- Note that the sum in (jHSj) is direct, since the linear parts of the 
functions /jj are linear independent. 

Lemma 3.6. The closed algebraic subsets Z and Uc^ intersect each other by 
zero only. 

Proof. For f E Z we have the decomposition 

f = fl + ... + fk, f^^Z,= (Ji Cl"'] ^< (^^'1' • • • ' ^^.'^»)' 

k 

which is uniquely determined since Z = ® Zi. 

i=l 

By construction, for each i G {1, . . . , A;} we have 

muho^,{/i|y = 0} > {cj + > Cj/ij + 1 (36) 

for all j < 2 — 1. In particular, if f E Z (1 Uc^, then the following estimate holds: 

multoi{/i|y = 0} > ci/ii + 1, 

since for f2, ■ ■ ■ , fk the estimate (jHBj) with j = 1 is satisfied. Arguing as above, we 
conclude that /i = 0. Assume that it is already proved that 

A ^ . . . ^ /, ^ 0. 

Since for j = 7 + 1 the estimate (j36j) holds for alH > 7 + 2, we conclude that 

multo^+,{/^+i|y = 0} > c^+i/i^+i + 1. (37) 



However by construction 



Kj = l 



where /^^^ G Vc*^^ (^7+1,1, • • • , l-,+i,a^+i)- Taking into account that for j = 1, . . . , 7 
we have /j_i(o-y+i) 7^ 0, we see that the estimate (jTTjl remains valid if is replaced 
by fl+i- Now arguing like in the case k = 1 above, we conclude that f^+i = 0. 
Q.E.D. for Lemma 3.6. 

Taking into account that the equality ()34p holds (this is obvious from the explicit 
construction of the linear space Z (jSHJ), we complete the proof of Lemma 3.5. 
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